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Reviews

- Linear Algebra



Collection of vectors, Subspaces 



Collection of vectors, Subspaces 



Matrix



Eigenvectors and Eigenvalues



Spectral Theorem



Singular value decomposition (SVD)



Reviews

- Probability Theory



Probability theory – study of uncertainty

● Axioms of Probability

○ Sample space Ω: the set of all the outcomes of a random 

experiment. 

○ Event space 𝓕: A set whose elements 𝐴 ∈ 𝓕 (called events) 

are subsets of Ω

○ Probability measure: A function 𝑃:𝓕 → ℝ that satisfied the 

following properties

■ 𝑃 𝐴 ≥ 0, for all 𝐴 ∈ 𝓕

■ 𝑃 Ω = 1

■ If 𝐴1, 𝐴2, … are disjoint events, then 𝑃 ∪𝑖 𝐴𝑖 = σ𝑖 𝑃(𝐴𝑖)



Random Variables

● A random variable 𝑋 is a function 𝑋:Ω → ℝ
● Cumulative distribution functions 

○ CDF (cumulative distribution function) 𝐹𝑋: ℝ → 0,1 which specifies 

a probability measure as 𝐹𝑋 𝑥 ≔ 𝑃(𝑋 ≤ 𝑥)

○ PMF (probability mass function) for  discrete random variable 

𝑝𝑋: Ω → ℝ such that 𝑝𝑋 𝑥 ≔ 𝑃 𝑋 = 𝑥

○ PDF (probability density function) for continuous random variables 

such that the CDF is differentiable everywhere,. PDF is the 

derivative of CDF 𝑓𝑋 𝑥 ≔
𝑑𝐹𝑋(𝑥)

𝑑𝑥

● Expectation 𝔼 𝑔 𝑋 ≔ σ𝑥 𝑔 𝑥 𝑝𝑋 𝑥 or 𝔼[𝑔 𝑥 ] ≔ ∞−׬
∞
𝑔 𝑥 𝑓𝑋 𝑥 𝑑𝑥

● Variance 𝑉𝑎𝑟 𝑋 ≔ 𝔼[ 𝑥 − 𝔼[𝑥] 2]



Common Random Variables

● 𝑋 ∼ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑝), 𝑝 𝑥 = ቊ
𝑝 𝑖𝑓 𝑥 = 1

1 − 𝑝 𝑖𝑓 𝑥 = 0

● 𝑋 ∼ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝), 𝑝 𝑥 =
𝑛
𝑥

px 1 − p 𝑛−𝑥, x is the number 

of heads in 𝑛 independent flips of a coin with heads 

probability 𝑝

● 𝑋 ∼ 𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑝 , 𝑝 𝑥 = 𝑝 1 − 𝑝 𝑥−1, x is the number of 

flips of a coin with heads probability 𝑝 until the first heads

● 𝑋 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛 𝜆 , 𝑝 𝑥 = 𝑒−𝜆
𝜆𝑥

𝑥!
a probability distribution over 

the nonnegative integers used  for modeling the frequency of 

rare events.



Common Random Variables

● 𝑋 ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚 𝑎, 𝑏 , 𝑓 𝑥 = ൝
1

𝑏−𝑎
𝑖𝑓 𝑎 ≤ 𝑥 ≤ 𝑏

0 𝑜.𝑤.

● 𝑋 ∼ 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝜆 , 𝑓 𝑥 = ቊ𝜆𝑒
−𝜆𝑥 𝑖𝑓 𝑥 ≥ 0
0 𝑜.𝑤.

● 𝑋 ∼ 𝑁𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2), 𝑓 𝑥 =
1

2𝜋𝜎
𝑒
−

1

2𝜎2
𝑥−𝜇 2



Multiple Random Variables 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏

● Joint distribution function

● Joint probability density function

● Marginal probability density function

● Conditional probability density function



Chain rule

Independence



● Independent random variables arise often in machine learning 

algorithms where we assume that the training examples 

belonging to the training set represent independent samples 

from some unknown probability distribution. 

● To make the significance of independence clear, consider a 

“bad” training set in which we first sample a single training 

example (𝑥 1 , 𝑦(1)) from some unknown distribution, and then 

add m − 1 copies of the exact same training example to the 

training set. In this case, the examples are not independent

in practice, non-independence of samples does come up often, 
and it has the effect of reducing the “effective size” of the training set. 



Random Vectors

● 𝑋 = 𝑋1, 𝑋2, … , 𝑋𝑛
⊤: Ω → ℝ𝑛, an alternative notation for dealing 

with 𝑛 random variables, so the notions of joint PDF and CDF 

will apply to random vectors as well. 

● A special case: 𝑛 independent Bernoulli variables 𝑋𝑖 ∼
𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑝𝑖)

○ 𝔼 𝑋 =
𝔼[𝑋1]
⋮

𝔼[𝑋𝑛]
=

𝑝1
⋮
𝑝𝑛

= σ𝑖 𝑝𝑖 𝑒𝑖

● Multivariate Gaussian with mean 𝜇 ∈ ℝ𝑛 and covariance 

matrix Σ ∈ 𝕊++
𝑛 (space of symmetric positive definite 𝑛 × 𝑛

matrices)



Gaussian random variables are extremely useful in machine 

learning and statis tics for two main reasons. 

● First, they are extremely common when modeling “noise” in 

statistical algorithms. Quite often, noise can be the 

accumulation of many small independent random 

perturbations affecting the measurement process; by the 

Central Limit Theorem, summations of independent random 

variables will tend to “look Gaussian.” 

● Second, Gaussian random variables are convenient for many 

analytical manipulations, because many of the integrals 

involving Gaussian distributions that arise in practice have 

simple closed form solutions. 



Reviews

- (Multidimensional) Calculus



Calculus

Classically, calculus is the study of the relationship between

variables and their rates of change. However, this is not what we

use calculus for.

We use differential calculus as a method for finding extrema of

functions; we use integral calculus as a method for probabilistic

modeling.



Differential Calculus

● The derivative of a function at a point is the slope of the 

function at that point. The derivative of 𝑓 with respect to 𝑥, 

denoted as 𝜕𝑓/𝜕𝑥, is 

𝑓′ 𝑥0 =
𝜕𝑓

𝜕𝑥
𝑥0 = lim

𝑛→0

𝑓 𝑥0 + ℎ − 𝑓(𝑥0)

ℎ



Multidimensional Equivalents of Derivatives

● Suppose we have vectors 𝒘 and 𝒙 and a function 𝑓 𝒘, 𝒙 =
𝒘⊤𝒙. We might want to differentiate 𝑓 with respect to 𝑤 so that 

we can minimize 𝑓 --- differentiate with respect to vectors.

● 𝒘 = 𝑤1, 𝑤2, … , 𝑤𝐷
⊤ ∈ ℝ𝐷 and 𝑓 𝒘 ∈ ℝ, we compute the 

partial derivatives of 𝑓 with respect to each component of 𝒘

𝜕𝑓

𝜕𝑤1
,
𝜕𝑓

𝜕𝑤2
, 
𝜕𝑓

𝜕𝑤3
, … ,

𝜕𝑓

𝜕𝑤𝐷
, each of these are just univariate 

derivatives

● Package them together into a vector, we get the gradient of 𝑓
with respect to the vector 𝒘, denoted as ∇𝒘𝑓

The gradient of a function is 
its velocity in each available 
dimension.



Multidimensional Equivalents of Second Derivatives

● Hessian matrix The second derivative 
of a function is the 
rate of change of its 
velocity, aka its 
acceleration. 

The Hessian of a 
function is the rate at 
which different 
dimension accelerate 
together. 



Matrix Cookbook

● https://www.math.uwaterloo.ca/~hwo

lkowi/matrixcookbook.pdf

https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf


Integral Calculus

● “Opposite” of a derivative, commonly used for computing areas under a curve

● Continuous analogues of simple sums

● The interpretation of an integral as a sum:

○ Suppose we were to discretize the range [a, b] into R many units of width 

(a − b)/R. 

○ Then, we could approximate the area under the curve by a sum over 

these units, evaluating f(x) at each position (to get the height of a 

rectangle there) and multiplying by the width (a − b)/R. 

○ Summing these rectangles will approximate the area. As we let R → ∞, 

we’ll get a better and better approximation.

○ However, as R → ∞, the width of each rectangle will approach 0. We 

name this width “dx,” and thus the integral notation mimics almost exactly 

the “rectangular sum” notation (we have width of dx times height of f(x), 

summed over the range). 
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